In this paper, we determine the geometric phase for the one-dimensional XXZ Heisenberg chain with spin-1/2, the exchange couple J and the spin anisotropy parameter ∆ in a longitudinal field(LF) with the reduced field strength h. Using the Jordan-Wigner transformation and the mean-field theory based on the Wick's theorem, a semi-analytical theory has been developed in terms of order parameters which satisfy the self-consistent equations. The values of the order parameters are numerically computed using the matrixproduct-state(MPS) method. The validity of the mean-filed theory could be checked through the comparison between the self-consistent solutions and the numerical results. Finally, we draw the the topological phase diagrams in the case J < 0 and the case J > 0. * Electronic address: pxchen@nudt.edu.cn 1
I. INTRODUCTION
The phase transition plays an important role in quantum physics [1] . It includes the GinzburgLandau(GL) phase transition and topological phase transition. Based on the continuity of the order parameter on the phase boundary, the GL phase transition has the first, second and nth-order transition. The fluctuation described in the GL phase transition theory could be thermodynamic or quantum. The GL phase transition thus falls into two categories: the thermodynamic(or classical) and quantum phase transition [2, 3] . The another kind of phase transition is called the topological phase transition where there exists the corresponding topological order parameter, such as the Berezinskii-Kosterlitz-Thouless (BKT)transition [4, 5] . In the topological phase transition, the local fluctuation description does not work. It is formally classified into two types: the classical and quantum topological transition. Here, the terminology "quantum" only means that the topological transition only occurs near the zero temperature. By way of illustration, the well-known BKT phase transition is a kind of transition of infinite order and a classical topological transition.
And the quantum BKT transition has been investigated [6] .
The geometric phase, or Berry phase(BP), a typical topological order parameter, entered the lexicon of physics about 30 years ago [7] [8] [9] . Since then, numerous applications and experimental confirmations of this phase have been found in various physical systems [10] [11] [12] [13] . The BP can be exploited as a tool to detect topological phase transition. And if there exists nonzero BP in the system, it means that there exists parity and time inverse symmetry breaking for the ground state.
The relationship between BP and topological transition in quantum system has been notoriously discussed in many literatures [2, 14] .
The geometric phase and topological property in the spin systems, such as Ising model and XY model, are important topics [3, [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . The XXZ Heisenberg model is a more complex spin model used in the study of critical points and phase transitions of magnetic systems.
In the condensed matter physics, the XXZ Heisenberg model is also an important type of quantum dimer models to understand Bose-Einstein condensation. The quantum dimer magnet state is one in which quantum spins in a magnetic structure to form a entangled singlet state.
These entangled spins act as bosons and their excited states (triplons) can undergo Bose-Einstein condensation [24, 25] . The quantum dimer system was originally proposed as a mapping of the lattice Bose gas to the quantum anti-ferromagnet. There are some researches on quantum transition of the XXZ Heisenberg model that is arguable one of the most fundamental examples of frustrated antiferromagnetism [26, 27] . The phase diagram of the GL quantum phase transition which should be well-known drawn as a function of the reduced field strength h and the spin anisotropy parameter ∆ has been published in many systems. For example, on the triangular lattice, Yamamoto et al. have drawn the quantum phase diagram using the cluster mean-field theory [26] . However, the phase diagram of the topological quantum transition in the XXZ Heisenberg model have not been well drawn. Our paper aims at this for the one-dimensional XXZ Heisenberg chain with spin-1/2 and exchange couple J in a longitudinal field. Here the Berry phase is the corresponding topological order parameter.
The outline of this paper is as follows. In Sec.II, with the method of the Jordan-Wigner transformation and the mean-field theory based on the Wick's theorem, we deal with the four-fermion interaction in the terms of some order parameters. In Sec.III, by means of the matrix-productstate(MPS) method we calculate these order parameters meaning the correlations between some creation and annihilation operators. The correlation plays a crucial role in determining the nontrivial BP. In Sec.IV, we map the Hamiltonian of one-dimensional XXZ Heisenberg model in the momentum space to a two-level system where the BP has been well formulated. In terms of the order parameters, we obtain the formula of the BP. Considering the validity of the mean-field theory, we draw the topological phase diagram in the paramagnetic systems where J < 0 and the diamagnetic systems where J > 0. In Sec.V, we draw the conclusion and discuss our results related to the topological transition.
II. ONE-DIMENSIONAL XXZ HEISENBERG MODEL IN THE LONGITUDINAL FIELD
The Hamiltonian of the one-dimensional XXZ Heisenberg model in the longitudinal field reads
Here, the notation J is the exchange couple, the index h is the reduced field strength and the index ∆ is the spin anisotropy parameter. In the paper we only consider that lattice point number N → +∞, and the temperature T → 0. We introduce S 
Thus the reduced Hamiltonian reads
It also reads
Based on the Wick's theorem, ones could adopt a mean-field approximation which reads [9, 28] c
Here, the order parameters R ≡< c
The sign |g > denotes the ground state of the system . And the sign < O >≡< g|O|g > denotes the expectation of operator O in the ground state. Further D is a real number as was shown in our previous work [9] . Therefore, the reduced Hamiltonian reads
Here,
and A ≡
. And it is noticeable that the Wick's rule
> denotes the nearestneighbor spin-spin correlation. It will be proved in Sec.IV that R, C and D are independent of the position of the i-th lattice.
One can switch to momentum space by the Fourier transformation when N → +∞, which
The reduced HamiltonianH readsH
Here,H(k) refers to the reduced Hamiltonian in the k-space. There is the particle-hole symmetry, in other words,H(−k) =H(k). SoH(k) reads
− j sin k(Cc
We choose four basic vectors
The ω C is the phase angle of the complex number g(k) [9] . The four eigenvalues of the energy are
The corresponding eigenvectors |ψ m (k) > satisfy
When the exchange couple
is ground state energy.
III. THE ORDER PARAMETERS AND THE MATRIX-PRODUCT-STATE METHOD
To thoroughly solve the reduced Hamiltonian, one has to know the values of these order parameters. In the representative case of J = −1 and J = 1, to calculate the order parameters, we adopt the matrix-product-state algorithm [29] [30] [31] [32] . Matrix product state (MPS) has been a very successful numerical method in studying one-dimensional quantum many-body systems with local and gapped Hamiltonians. We have used a bond dimension up to χ = 100 and a singular value decomposition truncation threshold t = 10 −8 for our problem, further checked its convergence by comparing the observables computed with χ = 150 for a randomly chosen set of parameters. MPS algorithm works best for the quantum states with a finite amount of quantum entanglement. We note that for the special case ∆ → 0, the model reduces to a classical Ising chain with no quantum entanglement, in which region MPS algorithm is very difficult to converge into the correct ground . There are many literatures about the exact solutions and numerical simulations on the magnetizations and the spin-spin correlations in the XXZ Heisenberg model [33] [34] [35] [36] [37] [38] [39] [40] .
As shown in Fig.1 and Fig.2 , in the ground state |g >→ | ↑ · · · ↑>, or |g >→ | ↓ · · · ↓>, at the small spin anisotropy parameter ∆ ∈ [−1, 1], the order parameter R ≈ 1 or R ≈ 0, and the order parameter D ≈ 0. As show in Fig.3 , The nearest-neighbor spin-spin correlations are drawn which can be used to test the Wick's rule. For the different reduced field strength h, there exist the spin anisotropy parameters where order parameters R and D turn discontinuous. The discontinuities generally reflect the GL quantum phase transition. They also refer to the discontinuous BPs that correspond to the topological quantum transitions. It is noticeable that the order parameter D is not observable.
IV. BERRY PHASE AND TOPOLOGICAL PHASE DIAGRAM
For calculating the BP, we can diagonalise this Hamiltonian via a Bogoliubov transformation with two real functions θ k and φ k satisfying θ −k = −θ k and φ −k = φ k , yielding
Here we have
In the other words, it reads 
SoH(k) readsH
|ψ g > is the ground state wave function in the k-space. φ k is a constant. |ψ g > reads
The order parameters satisfy the self-consistent equation which reads [9] 
Here the Fermi distribution function reads
Here, T → 0, we think n(k) = 1.
To test the mean-field approximation, we have the self-consistent solution for the magnetization M SC which reads
When
. The validity of the mean-field theory could be tested through the relationship between the self-consistent solutions and the numerical results. Making the comparison M with M SC at different parameters ∆ and h, we could know the region where the approximation is established. As an example when h ≈ 0 meaning that the LF vanishes, in the Fig.4 , the compared results show that the approximation is applicable.
The BP of the ground state is defined by
We map the Hamiltonian to a two-level system and have a close curve ∂Ω where the point (x, y) satisfies [8, 9 ] Because ω C is a constant which is independent of k, the criterion for nonzero BP is decided by the relation between the point (0, 0) and the curve ∂Ω [8] . In other words, it depends on the size of the relationship between |B|/2 and |F |. The BP reads
Here sgn(ζ > 0) = 1; sgn(ζ = 0) = 0; sgn(ζ < 0) = −1.
The BPs dependence of the spin anisotropy parameter ∆ and the reduced field strength h are shown as the Fig.5 and 
V. RESULTS AND DISCUSSION
In conclusion, we have analyzed the spin-1/2 XXZ model in the one-dimensional lattice using the mean-field approximation based on the Wick's theorem. The validity of the approximation is tested through comparing the result calculated by the MPS algorithm. The topological phase diagrams characterized by the BP show the different parameter influences on the symmetries of ground states. As shown in Fig.6 , for the case J < 0, the phase boundary is nearly linear, and for the case J > 0, the phase boundary is nearly hyperbolic. When the LF vanishes in Fig.5 , for the case J < 0, at the small spin anisotropy parameter, the BP of the ground state keeps nought. For the case J > 0, there exist nonzero BPs at all spin anisotropy parameters.
The present calculation for the BP of the one-dimensional XXZ model enlarges understanding the topological quantum transition in the spin system. Compared with the phase diagram in the Ref. [23] characterized by the winding number as the topological order parameter in the XY model, the phase diagram is more complicated but keeps conformal. Our work practically implies the jumping of a quantity being not observable plays an important role in determining the topological transition.
The topological quantity is a new order parameter explaining the phase transition. In general, the topological quantum phase diagrams are mutually independent of the ordinary GL quantum 
